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Abstract. Divisors with minimal discrepancy over cA points are 
classified. 

The problem of birational classification of algebraic varieties is highly 
interconnected with the problem of description of singularities on them. 
One of the most important class of three-dimensional singularities is 
terminal singularities, which arise within minimal models programm. 
Despite the analytical classification of the singularities [2] , [3] , [4] , [5] , this 
description does not help one to fully understand many birationl prop- 
erties of them. In particular, the problem of description of resolution 
of such singularities and the problem of classification of morphisms of 
terminal varieties are still up-to-date. Divisorial contractions to cyclic 
quotient singularities were described by Y.Kawamata [6], S.Mori [7] 
and S. Cutkosky [8] classified contractions from terminal Gorenstein 
threefolds. T.Luo [9] set out contractions when the index is not in- 
crease. Recently M.Kawakita [10], [11], [12] has gave a description of 
contractions to a smooth and cA points. 

In the paper we describe divisors with minimal discrepancy in Mori's 
category over cA points after M.Hayakawa [15], when he did the same 
for the cases of non Gorenstein terminal singularities. 
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1. Preliminary results 

We will deal with varieties over C. The basic results and notions are 
contained in [1], [16], [15]. 

1.1. A singularity has cA type if there is an embedding j : X ~ 
{xy + f(z,u) = 0} C* yzu (see [17]). This embedding we will call 
standard. 

1.2. In the paper we will study morphisms 7r : X — > X, where X has 
just terminal singularities, X is to be a germ of cA point, ^-exceptional 



set is to be a ireducible reduced divisor with discrepancy 1. Such a 
morphisms we will call divisorial blow-ups with discrepancy 1. 

1.3. Holomorphic function / : (C n ,0) — > (C, 0) is to be quasi- 
homogeneous function of degree d with indices a±, . . . , a n , if for every 
A > we have: f(X ai x 1 , \ an x n ) = X d f(x 1 , ...,x n ). 

The monom x fe = x^ 1 . . . x^ n has degree (or weight) d, if < a, k >= 
oi\k\ + • • • + a n k n = d. 

Let fix the type of quasi- homogeneity a. Some polynomial is of the 
order d, if all of the monoms contained in the polynomial has degree d 
or greater. 

Polynomials of order d form linear space A d ; A d > C A d if d < d! . 
Biholomorphic map g is to have order d, if for every A 

(g* - 1)A A C A x+d . 

1.4. Let j : X ~ {rry + f(z,u) = 0} <^-> C^ y zu be a standard em- 
bedding, the order of f(z,u) is equal to fc, j' : X C^., , , , be some 
embedding X such that x° 3 = j' ■> where \ is biholomorphic map of 
order k x '■ ^f x y z u \ — ¥ Cf, yl z , u ,y Then, by pseudo weighted valuation 
v' we will mean the pair: v' = (j', a'), where a' = (a, b, c, d) is weight. 
This pair defines weighted blow-up X which we will call z/'-blow-up. If 
the exceptional divisor of z/'-blow-up is irreducible, then we will call v 1 
by weighted valuation (see [15]). 

Let's define a partial order -< on the set of pseudo-weighted valu- 
ations. Let v' = (j', a') and v" = (j", a") are two pseudo-weighted 
valuations, then v 1 y v" if for any biholomorphic map of order k 
X '■ (x" , y" , z" , u") — > (x', y', z', u') such that x °j" — j' an d for ev- 
ery / G C{x', y', z', u'} the inequality a' wt(f) < a" ' wt(x* f) holds. If 
v 1 y v" v 1 -< v" then v 1 = (j', a') ~ v" = (j", a") is an equivalence 
relation. 

1.5. Let v' = (j',o~') be a pseudo weighted valuation, where o~' = 
(a,b,c,d), ip' is equation which defines j' : X = {<// = 0} Y = 
^i',y',z',u'- Then we can construct cr'-blow-up n : Y — > Y = C^,^,^,^, 
and z/'-blow-up 7r : X — > X. Let E be a'-exceptional divisor. Then: 

Ky = tt*K y + (a'wt(x') + a'wt(y') + a'wt(z') + a'wt(u') - 1)E 
K x = ir*K x + (a'wt(x') + a'wt(y') + a'wt(z') + a'wt(u') - 
-a'wt(ip') - l)E x 
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Let 



d(u) = a'wt(x') + a'wt(y') + a'wt(z') + a'wt(u) — a'wt(<p') — 1 
= a + b + c + d- a'wt(ip') - 1. 

We will call d(u') by virtual discrepancy v 1 (see [15]). Note, that if E x 
is irreducible and reduced then d{y') = a(E x ,X). 

1.6. For a positive rational number a let's define set 

W a = {u' = (f,a')\d(u') = a} 

Let's fix an embedding j : X ^ C*, , z , u , . Then W a (j) will form a 
subset of W a with embedding j. 

The relations >- and ~ difine partial order and equivalence relation 
on W a . 

2. Main theorem 

Our main theorem is 

Theorem 2.1. Let X be a germ of 3-dimentional terminal cA point. 
Then the following holds: 

1. If u E Wi is maximal element with respect to £/ien i/ie v-blow- 
up X is divisorial with discrepancy 1. 

2. For every divisorial blow-up ir : X — > X discrepancy 1, there 
is some v G Wi, snc/i i/iai 7r isomorphic to the u-blow-up of X. 

3. There is one-to one correspondence between the set of all max- 
imal elements Wi/ ~ and the set of all isomorphism classes of 
divisorial blow-ups of X with discrepancy 1. 

Corollary 2.2. Let X be a germ of a 3-dimentional terminal cA point, 
n ia a number of divisors with discrepancy 1 over X . Using the notation 
1.1, we have that n = deg m i n (f) — 1, where deg m i n (f) is minimal degree 
among degrees of all the monoms in f . 

To prove the main theorem we will use proofs of some results from 
[15] with small changes concerning the category of singularities and 
equivalence relation in W\. 

Proposition 2.3. Let X be a germ of 3-dimensional terminal Goren- 
stein singularity, n : X — > X is divisorial blow-up with discrepancy 1, 
E is 7r- exceptional divisor. Let v : Z — > X be a partial resolution X, 
is v -exceptional divisor. Ifu*(E) = v _1 {E) + J^ajFj, then 

a(F i ,X) = a(F i ,X) + a i 
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Proof. Since K x = n*K x + E, K z = v*(K x ) + E W*!, we have K z = 
v*(ti*(K x )) + u-\E) + J2(a t + bi)Fi. □ 

Lemma 2.4 ([15]). Let v = (j,a), v' = er') G Wi s^c/i £/ia£i/ -< v' . 
If v -blow-up X is divisorial with discrepancy 1 then v ~ v' . 

Proof, is easy consequence from [15]. □ 

Lemma 2.5. Let v ~ v' G Wi. T/ien v-blow-up of X and v' -blow-up 
of X are isomorphic. 

Proof. They are isomorphic since the blowing up ideals coincide. □ 
Let X be a germ of 3-dimensional terminal cA point, j : X ~ {</? = 
(xy+f(z, u)) = 0} C Cf y z M ) be a standard embedding, is a minimal 
degree among monoms in /. Then the following lemma is true. 

Lemma 2.6. Let f : X ~ {<// = 0} C C 4 ^,^. // (/, a') G Wi 
i/ien a'wt(z') = a'wt(u') = 1. 

Proof. Either x'y', or x' 2 ,y' 2 G <// because otherwise j' will not define 
singularity of cA type. So, a'wt(x') + a'wt(y') > a'wt(ip'). Thus we 
get 1 = ctW^') + a'wt(y') + a'wt(z') + a'wt(u') - a'wt(ip') - 1 > 
o-W(V) + a'wt(u') - 1. Hence a'wt(z') = a'wt(u') = 1. □ 
Let cr ai 6 = (a, 6, 1, 1), v a j> = (j, o- a ,b), where a, 6 are positive integers. 

Proposition 2.7 ([15]). Wi(j) = {f ,b| a + b < k}, where j is a 
standard embedding. In particular, u a ^ is maximal in Wi(j) ifa+b = k. 

Proof. If (j,cr) G Wi(j'), then, awt(z) = awt(u) = 1 and awt(xy) = 
o~wt((p). Then we have k > awt(ip) = a + b. □ 

Theorem 2.8. For every u a>b G Wi(j) with a + b = k, the v ajb -blow- 
up 7r afe : X at b —> X is divisorial with discrepancy 1. These n a ,b (ire 
not mutually isomorphic over X and realize all possible divisors with 
discrepansy 1 over X. 

Proof. Lets check the terminality of X a b . It is covered by four affinc 
open charts U 1: U 2) U 3 , C/ 4 , 

U, = {y + x- k f(xz, xu) = 0}/Z a (l, -b, -1, -1), 

U 2 = {x + y~ k f(yz, yu) = 0}/Z b (-a, 1, -1, -1), 

U 3 = {xy + z~ k f(z, zu) = 0} C C 4 , 

[/ 4 = + u~ k f\zu, u) = 0} C C 4 . 

From this description one can see that on X a b lie just terminal sin- 
gularities. In particular, there are two cyclic factor singularities Q±, Q 2 
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of types i(— 1, 1, 1) and |(— 1, 1, 1) in charts Lq and C/ 2 and at worst 
isolated cDv points in charts U%, C/4. 

Since E^j, is irreducible, we have Kx ab = n ab^x + E a ^. Therefore 
7r a 6 is divisorial with discrepancy 1. 

Let D be the Q-Cartier divisor on X, defined by the equation x = 
0. Then we have ir* b (D) = n~l(D) + aE a ^. Therefore -n a ^ are not 
mutually isomorphic over X. □ 

Proposition 2.9. There are just k — 1 mutually non isomorphic divi- 
sors with discrepancy 1. 

Proof. Let's look on some valuation v ab e Wi, where a + b = k, and 
blow X up 7r a; 6 : X a ,6 — ¥ X. Since 2.3, divisors with discrepancy 
1 over X can not lie over points with index 1 on X a ^. So we will 
study singularities with index > 2. We can make so called "economic" 
resolution of Q 1 (see [1]), i.e. there is a projective morphism v : Z — > 
X aj 5 such that 

where X)-^ * s an exceptional divisor over Q 1 . Thus we have 

a-1 

1 ^ 

«=i 

Therefore 

a(F,,X) = - + — = 1, 
a a 

for every i = 1, . . . , a — 1. On the same way, there are just 6—1 
divisors with discrepancy 1 over (^2- Thus, we have that there are only 
(a — 1) + (b — 1) + 1 = k — 1 divisors over X with discrepancy 1. □ 

Proposition 2.10. If v' = (j',cr') G Wi is a maximal, then there is 
v a £, where a + b = k such that v' >- v a b . 

Proof. Let A = {u a:b e Wi| f a ,& -< z/}. Let's check that A is not 
empty. We have x 3 — f 1 where x is some biholomorphic map with 
order k, j is standard embedding. Let's look at weight a = (a', b', 1, 1) 
such that v = (j,a) z< (f,a'). It is clear that we can choose such a 
weight, thus A is not empty. Therefore, there is a maximal element 
v a ,b £ A. Assuming that a + b < k, we will derive a contradiction. 
Let x be a quasi homogeneous map with order k 

X ■ ^tx',y',z',u') -»• C (x,j/^«) 
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such that x°f — J- Let denote 



P = X*(x), q = X*(y), r = x*(z), s = x*(u) E C{x', y', z', «'}. 

Then ip' = pq + f(r, s) is the defining equation of f. Since v' y v a ^, we 
have a'wt(p) > a, a'wt(q) > b. If at least one of these inequalities are 
strict, then v 1 y v a +i,b or v' y v a ,b+i which contradict with maximality 
of v ab . Therefore a'wt(p) = a, a'wt(q) = b. Since a + b < k and 
a'wt(f(s,r) > k, then a'wt(ip') = a + b. It follows from 2.6 that up to 
permutation of coordinates 

a'wt(x',y',z',u') = (a, b', 1,1) 

for some a', b' G N. Since d(v') = 1, we have a' + b' = a + b. It follows 
from 2.4, that after a permutation x' and y', we get v' ~ z/ a b which 
also contradicts the maximality of v 1 . Hence a + b = k. □ 
The main theorem is proved since, from 2.4 and 2.9 we see that z/ a b , 
where a + b = k are all — 1 maximal elements in Wi- On the other 
hand, from 2.7 and 2.8 follows that over X there are only k — 1 divisor 
with discrepancy 1. 
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